SOLUTIONS to “More Pigeonhole Principle problems”
1. You have 10 white socks, 10 black socks and 10 brown socks.  You reach in and pull some out without looking at them.  What is the least number of socks you must pull out to be sure you have a matching pair?

4 socks.  The colors white, black and brown are the pigeonholes.  n=4, k=3, so n/k = 4/3 = 1.333.  By the PHP, by pulling 4 socks we are guaranteeing that at least 2 of them will be of the same color.

2. If 6 integers are chosen from the set
       S = {3, 4, 5, 6, 7, 8, 9, 10, 11, 12}
prove that there must be two whose sum is 15.

There are 5 pairs of numbers that sum to 15: (3,12), (4, 11), (5, 10), (6,9), (7, 8).  These pairs are the pigeonholes.  By the PHP, by chosing 6 integers, we are guaranteed to select at least 2 integers from the same pair/pigeonhole, thus they would have a sum of 15.
3. Find the minimum number of students in a class to be sure that 3 of them were born in the same month.

25 students.  The 12 months are the pigeonholes.  So 25/12=2.0833.  So by selecting 25 students the PHP guarantees 3 students with the same birth month. 

4. How many integers from 100 through 999 must be chosen in order to guarantee at least two of them have a digit in common?

10 integers. There are at most 9 numbers from 100 to 999 that do NOT share any digits.  An example of such numbers:  111, 222, 333, 444, 555, 666, 777, 888, 999.  Let these 9 numbers fill 9 pigeonholes.  The 10th number chosen is guaranteed to share a common digit (1, 2,…, or 9)
5. If  n + 1 integers are chosen from the set
              {1, 2, 3, ∙∙∙ , 2n}
prove that one of them must be odd.
In this set there are n odd integers and n even integers.  Worst case we choose all n even integers first. By the PHP, the (n+1) st integer will be odd. 
6. Show that within any set of 13 integers chosen from the set {2, 3, 4, ∙∙∙, 40}, at least two of them have a common divisor bigger than 1.
There are 12 prime numbers in this set:  2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37.  Worst case is that the first 12 numbers we select are primes (having no common divisor bigger than 1.)  But by the PHP, the 13th number selected from the set will be composite and will have a prime factorization that includes at least one of the 12 primes in the set.

7. Choose any five points from the interior of an equilateral triangle having sides of length 1.  Show that the distance between some pair of these points does not exceed ½ .

[image: image1.png]


Partition the equilateral triangle into 4 equal regions by drawing  a smaller equilateral triangle inside the first one by connecting the midpoints of its sides. This divides the triangle into 4 equilateral triangles of side length 1/2. Since there are 5 points, by the PHP two points must lie in the same smaller triangle. But then these two points are in an equilateral triangle of side length 1/2, so they are within 1/2 unit distance of each other.
8. In a group of 2000 people, must at least 6 people have the same birthday? Why or why not?

There are at most 366 days in year (365+1 for leap year).  So 2000/366 = 5.46, thus by the generalized PHP, there must be at least one day of the year that has 6 (or more) people with birthdays on that day.
9. Let L be a list (not necessarily in alphabetical order) of the 26 letters in the English alphabet (which consists of 5 vowels, A,E,I,O,U, and 21 consonants).  

a. Show that the list, L has a sublist consisting of 4 or more consecutive consonants.

The 5 vowels can break the 21 consonants into at most 6 runs of consecutive consonants.  Think:

CCC  A  CCC  E  CCC  I  CCC  O  CCC  U  CCC…

But 21/6 = 3.5.  So by the PHP, there must be a run of consonants of length 4.  Another way to think about it is that the example list above only uses 6(3)=18 consonants, thus there are 3 more that need to be fit into a run of consonants, making those runs of 4+ consonants.
b. Assuming that the list L begins with a vowel, say A, show that L has a sublist consisting of five or more consecutive consonants.

Here the “A” doesn’t help separate the runs of consonants.  So the remaining 4 vowels can break the 21 consonants into at most 5 runs of consonants.  21/5 = 4.2.  So by the PHP, there must be a run of consonants of length 5 or more.  
