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2.6 Solving Inequalities

Many real-world situations translate to inequalities. For example, a student might
need to register for at least 12 credits; an elevator might be designed to hold
at most 2000 pounds; a tax credit might be allowable for families with incomes of
less than $25,000; and so on. Before solving applications of this type, we must
adapt our equation-solving principles to the solving of inequalities.

Solutions of Inequalities
Recall from Section 1.4 that an inequality is a number sentence containing (is
greater than), (is less than), (is greater than or equal to), or (is less than
or equal to). Inequalities like

are true for some replacements of the variable and false for others.
Any value for the variable that makes an inequality true is called a solution.

The set of all solutions is called the solution set. When all solutions of an inequal-
ity are found, we say that we have solved the inequality.

-7 7 x,  t 6 5,  5x - 2 Ú 9, and -3y + 8 … -7

…Ú6
7
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EX AMPLE 1 Determine whether the given number is a solution of (a) (b) 2.

SOLUTION
a) Since is true, is a solution.

b) Since is false, 2 is not a solution.2 6 2

-3-3 6 2

-3;x 6 2:

9TRY EXERCISE

Determine whether the given number is a solution of (a) 6; (b)

SOLUTION
a) Since is true, 6 is a solution.

b) Since is false, is not a solution.-4-4 Ú 6

6 Ú 6

-4.y Ú 6:EX AMPLE 2

11TRY EXERCISE

Graphs of Inequalities
Because the solutions of inequalities like are too numerous to list, it is help-
ful to make a drawing that represents all the solutions. The graph of an inequality
is such a drawing. Graphs of inequalities in one variable can be drawn on the
number line by shading all points that are solutions. Parentheses are used to indi-
cate endpoints that are not solutions and brackets to indicate endpoints that are
solutions.*

x 6 2

1 203 2 1

1 2 3 4 5 604 3 2 1

*An alternative notation uses open dots to indicate endpoints that are not solutions and
closed dots to indicate endpoints that are solutions. Using this notation, the solutions of

are graphed as and the solutions of are graphed as

.4 2 2 40

y Ú -3
4 2 2 40

x 6 2

b) The solutions of are shown on the number line by shading the point
for and all points to the right of The bracket at indicates that is
part of the graph.

-3-3-3.-3
y Ú -3

EX AMPLE 3 Graph each inequality: (a) (b) (c)

SOLUTION
a) The solutions of are those numbers less than 2. They are shown on the

graph by shading all points to the left of 2. The parenthesis at 2 and the shad-
ing to its left indicate that 2 is not part of the graph, but numbers like 1.2 and
1.99 are.

x 6 2

-2 6 x … 3.y Ú -3;x 6 2;

6 5 4 3 2 1 1 2 3 4 5 607 7

6 5 4 3 2 1 1 2 3 4 5 607 7

c) The inequality is read “ is less than x and x is less than or equal
to 3,” or “x is greater than and less than or equal to 3.” To be a solution of

a number must be a solution of both and The
number 1 is a solution, as are 1.9, and 3. The parenthesis indicates that

is not a solution, whereas the bracket indicates that 3 is a solution. The
other solutions are shaded. 
-2

-0.5,
x … 3.-2 6 x-2 6 x … 3,

-2
-2-2 6 x … 3

6 5 4 3 2 1 1 2 3 4 5 607 7

17TRY EXERCISE

STUDENT NOTES
Note that means

and Because of this,
statements like make no
sense—no number is both greater
than 2 and less than 1.

2 6 x 6 1
x 6 3.-2 6 x

-2 6 x 6 3



CAUTION! Do not con-
fuse the interval a, b with
the ordered pair a, b . The
context in which the nota-
tion appears should make
the meaning clear.

21
21

Set-Builder and Interval Notation
To write the solution set of , we can use set-builder notation:

This is read “The set of all x such that x is less than 3.”
Another way to write solutions of an inequality in one variable is to use

interval notation. Interval notation uses parentheses, ( ), and brackets, [ ].
If a and b are real numbers with we define the open interval (a, b) as

the set of all numbers x for which Using set-builder notation, we write

Parentheses are used to exclude endpoints.

Its graph excludes the endpoints:

1a, b2 = 5x | a 6 x 6 b6.

a 6 x 6 b.
a 6 b,

5x | x 6 36.

x 6 3

a b

(a, b)
x  a  x  b

The closed interval [a, b] is defined as the set of all numbers x for which
Thus,

Brackets are used to include endpoints.

Its graph includes the endpoints:

3a, b4 = 5x | a … x … b6.

a … x … b.

a b

[a, b]
x  a  x  b

There are two kinds of half-open intervals, defined as follows:

1. This is open on the left. Its graph is as follows:1a, b4 = 5x | a 6 x … b6.

a b

(a, b]
x  a  x  b

2. This is open on the right. Its graph is as follows:3a, b2 = 5x | a … x 6 b6.

a b

[a, b)
x  a  x  b

We use the symbols and to represent positive infinity and negative in-
finity, respectively. Thus the notation represents the set of all real numbers
greater than a, and represents the set of all real numbers less than a.1-q , a2

1a, q2
-qq

a

a

(, a)

(a, )
x  x  a

x  x  a

STUDENT NOTES
You may have noticed which in-
equality signs in set-builder nota-
tion correspond to brackets and
which correspond to parentheses.
The relationship could be written
informally as

.1 276

3 4Ú…

The notation or is used when we want to include the end-
point a.

1-q , a43a, q2

6 5 4 3 2 1 1 2 3 4 5 607 7

EX A M PLE 4

27TRY EXERCISE

Graph on a number line and write the solution set using both set-builder
and interval notations.

SOLUTION Using set-builder notation, we write the solution set as 
Using interval notation, we write 
To graph the solution, we shade all numbers to the right of and use a

bracket to indicate that is also a solution.-2
-2

3-2, q2.
5y | y Ú -26.

y Ú -2

2 . 6 SOLVING INEQUALIT IES 123
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STUDY SKILLS
Sleep Well
Being well rested, alert, and
focused is very important when
studying math. Often, problems
that may seem confusing to a
sleepy person are easily under-
stood after a good night’s sleep.
Using your time efficiently is
always important, so you should
be aware that an alert, wide-awake
student can often accomplish more
in 10 minutes than a sleepy student
can accomplish in 30 minutes.

As with equations, our goal is to isolate the variable on one side.

Solving Inequalities Using the Addition Principle
Consider a balance similar to one that appears in Section 2.1. When one side of
the balance holds more weight than the other, the balance tips in that direction. If
equal amounts of weight are then added to or subtracted from both sides of the
balance, the balance remains tipped in the same direction.

The balance illustrates the idea that when a number, such as 2, is added to (or
subtracted from) both sides of a true inequality, such as we get another
true inequality:

Similarly, if we add to both sides of we get an equivalent
inequality:

We say that and are equivalent, which means that both in-
equalities have the same solution set.

x 6 6x + 4 6 10

x + 4 + 1-42 6 10 + 1-42, or x 6 6.

x + 4 6 10,-4

3 + 2 6 7 + 2, or 5 6 9.

3 6 7,

The Addition Principle for Inequalities 
For any real numbers a, b, and c:

is equivalent to

is equivalent to

is equivalent to

is equivalent to a + c Ú b + c.a Ú b

a + c 7 b + c;a 7 b

a + c … b + c;a … b

a + c 6 b + c;a 6 b

EX AMPLE 5 Solve and then graph the solution.

SOLUTION We use the addition principle, subtracting 2 from both sides:

 x 7 6.

 x + 2 - 2 7 8 - 2

x + 2 7 8

From the inequality we can determine the solutions easily. Any number
greater than 6 makes true and is a solution of that inequality as well as the
inequality Using set-builder notation, the solution set is .
Using interval notation, the solution set is The graph is as follows: 16, q2.

5x | x 7 66x + 2 7 8.
x 7 6

x 7 6,

Subtracting 2 from, or adding to, both sides-2

5 4 3 2 1 1 2 3 4 5 60 7 8 9
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Because most inequalities have an infinite number of solutions, we cannot
possibly check them all. A partial check can be made using one of the possible so-
lutions. For this example, we can substitute any number greater than 6—say, 6.1—
into the original inequality:

TRUE is a true statement.

Since is true, 6.1 is a solution. Any number greater than 6 is a solution.8.1 7 8

8.1 7 88.1 7
?

8

6.1 + 2 8

x + 2 7 8

EX A M PLE 6 Solve and then graph the solution.

SOLUTION We have

Adding 1 to both sides

Simplifying

Subtracting 2x from both sides

Simplifying x … -4.

 3x - 2x … 2x - 4 - 2x

 3x … 2x - 4

 3x - 1 + 1 … 2x - 5 + 1

 3x - 1 … 2x - 5

3x - 1 … 2x - 5

The graph is as follows: 

TECHNOLOGY
CONNECTION

As a partial check of Example 5,
we can let and

We set
and 

in the TBLSET menu to get the
following table. By scrolling up
or down, you can note that for

we have y1 … y2.x … -4,

¢Tbl = 1TblStart = -5
y2 = 2x - 5.

y1 = 3x - 1

6 5 4 3 2 1 1 2 3 4 5 607 7

The student should check that any number less than or equal to is a solu-
tion. The solution set is 5x | x … -46, or 1-q , -44.

-4
47TRY EXERCISE

Solving Inequalities Using the Multiplication Principle
There is a multiplication principle for inequalities similar to that for equations,
but it must be modified when multiplying both sides by a negative number. Con-
sider the true inequality

If we multiply both sides by a positive number—say, 2—we get another true
inequality:

TRUE

If we multiply both sides by a negative number—say, —we get a false inequality:

FALSE3 # 1-22 6 7 # 1-22, or -6 6 -14.

-2

3 # 2 6 7 # 2, or 6 6 14.

3 6 7.

16
13
10
7
4
1
2

15
13
11
9
7
5
3

X

X  5

Y2Y1
2 5
4
3
2
1
0
1

43TRY EXERCISE

6 014

60 14

The fact that is true, but is false, stems from the fact that the
negative numbers, in a sense, mirror the positive numbers. Whereas 14 is to the
right of 6, the number is to the left of Thus if we reverse the inequality
symbol in we get a true inequality:

TRUE-6 7 -14.

-6 6 -14,
-6.-14

-6 6 -146 6 14



126 C H A P T E R  2 EQUATIONS,  INEQUALIT IES ,  AND PROBLEM SOLVING

EXAMPLE 8

EXAMPL E 7 Solve and graph each inequality: (a) (b)

SOLUTION
a)

Multiplying both sides by 4, the reciprocal of

The symbol stays the same, since 4 is positive.

Simplifying

The solution set is The graph is shown at left.

b)

Multiplying both sides by or dividing both sides by 

At this step, we reverse the inequality, because is negative.

Simplifying

As a partial check, we substitute a number greater than say into the
original inequality:

TRUE is a true statement.

The solution set is The graph is shown at left.5y | y Ú -96, or 3-9,q2.
16 … 18 16 …

?
18

 -21-82    18

0     -2y … 18

-8,-9,

 y Ú -9

-1
2

-2-1
2, 

-2y
-2

Ú
18
-2

 -2y … 18

5x | x 6 286, or (-q , 28).

 x 6 28

1
4 4 # 1

4 x 6 4 # 7

 14 x 6 7

-2y … 18.1
4 x 6 7;

59TRY EXERCISE

The Multiplication Principle for Inequalities
For any real numbers a and b, and for any positive number c:

is equivalent to and

is equivalent to

For any real numbers a and b, and for any negative number c:

is equivalent to and

is equivalent to

Similar statements hold for and Ú .…

ac 6 bc.a 7 b

ac 7 bc,a 6 b

ac 7 bc.a 7 b

ac 6 bc,a 6 b

CAUTION! When multiplying or dividing both sides of an inequality by a 
negative number, don’t forget to reverse the inequality symbol!

0 28

9 0

Using the Principles Together
We use the addition and multiplication principles together to solve inequalities
much as we did when solving equations.

Solve: (a) (b)

SOLUTION
a)

Adding to both sides

Simplifying -5y 7 1

-6 -6 + 6 - 5y 7 -6 + 7

 6 - 5y 7 7

2x - 9 6 7x + 1.6 - 5y 7 7;
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Multiplying both sides by or dividing both
sides by 

Remember to reverse the inequality symbol!

Simplifying

As a partial check, we substitute a number smaller than say into the
original inequality:

TRUE is a true statement.

The solution set is We show the graph in the margin
for reference.

Ey | y 6 -1
5 F , or A-q , -1

5 B .
11 7 7 11 7

?
7

  6 - 1-52
 6 - 51-12  7

0006 - 5y 7 7

-1,-1
5,

 y 6 -1
5

-5
-1

5, -1
5
# 1-5y2 6 -1

5
# 1

 0

1

5

b)

Subtracting 1 from both sides

Simplifying

Subtracting from both sides

Simplifying

Dividing both sides by 5

Simplifying

The solution set is or 5x | x 7 -26, or 1-2, q2.5x | -2 6 x6,

 -2 6 x

 
-10

5
6

5x
5

 -10 6 5x

2x 2x - 10 - 2x 6 7x - 2x

 2x - 10 6 7x

 2x - 9 - 1 6 7x + 1 - 1

 2x - 9 6 7x + 1

69TRY EXERCISE

All of the equation-solving techniques used in Sections 2.1 and 2.2 can be
used with inequalities provided we remember to reverse the inequality symbol
when multiplying or dividing both sides by a negative number.

2 0

Solve: (a) (b) 

SOLUTION
a) The greatest number of decimal places in any one number is two. Multiplying

both sides by 100 will clear decimals. Then we proceed as before.

Multiplying both sides 
by 100

Using the distributive law

Simplifying

Subtracting 1630 from
both sides

 -720p … -818 - 1630

 1630 - 720p … -818

 100116.32 - 10017.2p2 … 1001-8.182
 100116.3 - 7.2p2 … 1001-8.182

 16.3 - 7.2p … -8.18

31x - 92-1 … 2 - 51x + 62.16.3 - 7.2p … -8.18;EX A MP L E 9

Simplifying; 

Dividing both sides by 

Remember to reverse the
symbol!

The solution set is 5p | p Ú 3.46, or 33.4, q2.
 p Ú 3.4

-720 p Ú
-2448
-720

-818 - 1630 = -2448
 -720p … -2448

3.40
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83TRY EXERCISE

02 3 2 2 2 1

b)

Using the distributive law to remove 
parentheses

Simplifying

Adding 28 to both sides

Adding to both sides

Dividing both sides by 8

The solution set is 5x | x … 06, or 1-q , 04.
 x … 0

 8x … 0

5x 3x + 5x … -5x + 5x

 3x … -5x

 3x - 28 + 28 … -5x - 28 + 28

 3x - 28 … -5x - 28

 3x - 27 - 1 … 2 - 5x - 30

 31x - 92 - 1 … 2 - 51x + 62

14.

a) 6 b) c) 0

15.

a) 0 b) c) 1

16.

a) b) 0 c)

Graph on a number line.

17. 18.

19. 20.

21. 22.

23.

24.

25.

26.

Graph each inequality, and write the solution set 
using both set-builder notation and interval 
notation.

27. 28.

29. 30.

31. 32.

33. 34. x Ú -6x … -7

y 6 -3t 7 -3

t … 6x Ú -4

x 7 4y 6 6

0 … x … 5

-4 6 x 6 0

-3 6 x … 5

-5 … x 6 2

1 … m0 … t

t 7 -2x Ú -1

x … 7y 6 2

-2 
1
3-1 

9
10

m … -2

-3 
1
3

z 6 -3

-6.7

a 7 6

2.6

Concept Reinforcement Insert the symbol
or to make each pair of inequalities

equivalent.

1. 2.

3. 7 4. x 5.-3x 6 -15;.-2t 7 -14; t

-8.-7t Ú 56; t-6.-5x … 30; x

Ú6 , 7 , … ,
i

For  Ext r a HelpEXERCISE SET

Classify each pair of inequalities as “equivalent” or “not
equivalent.”

5. 6.

7. 8. -2t + 3 Ú 11;
-2t Ú 14

-4x - 1 … 15;
-4x … 16

t 7 -1; -1 6 tx 6 -2; -2 7 x

Determine whether each number is a solution of the
given inequality.

9.

a) 4 b) c)

10.

a) b) 3 c)

11.

a) 18.99 b) 19.01 c) 19

12.

a) 0 b) c)

13.

a) 0 b) c) 7.1-5.4

c Ú -7

-3.9-4.1

n Ú -4

y … 19

2 
19
20-3

t 6 3

-4-6

x 7 -4
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Describe each graph using set-builder notation and
interval notation.

35.

36.

37.

38.

39.

40.

41.

42.

Solve using the addition principle. Graph and write set-
builder notation and interval notation for each answer.

43. 44.

45. 46.

47. 48.

49. 50.

51. 52.

53.

54.

55. 56.

57. 58.

Solve using the multiplication principle. Graph and write
set-builder notation and interval notation for each answer.

59. 60.

61. 62.

63. 64.

65. 66.

67. 68.

Solve using the addition and multiplication principles.

69. 70.

71. 72.

73. 74.

75. 76.

77. 78.

79. 80.

81. 82. 6 - 13y … 4 - 12y7 - 9y … 4 - 7y
  

7 - 8y 7 5 - 7y6 - 4y 7 6 - 3y
 

-5 6 9x + 8 - 8x-3 6 8x + 7 - 7x

8 - 2y 7 95 - 6y 7 25

5 7 5 - 7y39 7 3 - 9x

15x - 7 … -74t - 5 … 23

7 + 4y 6 312 + 3x 6 20

-5
8 6 -10y-8

5 7 2x

-2x Ú 1
5-2y … 1

5

9 … -2.5a1.8 Ú -1.2n

-16x 6 -64-24 7 8t

3x Ú 244x 6 28

3 - y Ú -610 - y … -12

19 6 -x-23 6 -t

-8n + 12 7 12 - 7n

-9x + 17 7 17 - 8x

y - 1
3 7 1

4t - 1
8 7 1

2

x + 1
4 … 1

2y + 1
3 … 5

6

3x … 2x + 72x … x - 9

n - 4 7 -3n - 6 6 11

x + 8 … -10y + 6 7 9

2 6 2 5 2 4 2 3 2 2 2 1 1 2 3 4 5 602 7 7

2 6 2 5 2 4 2 3 2 2 2 1 1 2 3 4 5 602 7 7

2 6 2 5 2 4 2 3 2 2 2 1 1 2 3 4 5 602 7 7

1 2 3 4 5 60 72 6 2 5 2 4 2 3 2 2 2 12 7

2 6 2 5 2 4 2 3 2 2 2 1 1 2 3 4 5 602 7 7

2 6 2 5 2 4 2 3 2 2 2 1 1 2 3 4 5 602 7 7

2 6 2 5 2 4 2 3 2 2 2 1 1 2 3 4 5 602 7 7

1 2 3 4 5 60 72 6 2 5 2 4 2 3 2 2 2 12 7

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

101. Are the inequalities and equivalent?
Why or why not?

102. Are the inequalities and equivalent?
Why or why not?

Skill Review
Review simplifying expressions (Section 1.8).

Simplify. [1.8]

103.

104.

105.

106.

107.

108. 9x - 254 - 536 - 21x + 12 - x46
33512a - b2 + 14 - 534 - 1a - b24
5 - 3t - 436 + 512t - 12 + t4
x - 234y + 318 - x2 - 14
8m - n - 312m + 5n2
5x - 213 - 6x2

t … -8t 6 -7

x Ú -2x 7 -3

3
4 A3x - 1

2 B - 2
3 6 1

3

2
3 A78 - 4x B - 5

8 6 3
8

2
3 
12x - 12 Ú 10

 4
5 
13x + 42 … 20

51t + 32 + 9 Ú 31t - 22 - 10

31r - 62 + 2 6 41r + 22 - 21

31t - 22 Ú 91t + 22
812t + 12 7 417t + 72
312y - 32 7 21

412y - 32 … -44

2 7 9 -
x
5

3 6 5 -
t
7

2
3

-
x
5

6
4

15

x
3

+ 4 … 1

0.7n - 15 + n Ú 2n - 8 - 0.4n

1.7t + 8 - 1.62t 6 0.4t - 0.32 + 8

0.96y - 0.79 … 0.21y + 0.46

2.1x + 43.2 7 1.2 - 8.4x

Aha!
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Compare the following solutions.

Solve: .

SOLUTION

Subtracting 2 from
both sides

Subtracting from 
both sides

Dividing both sides 
by 

The solution is .-2

-4
x = -2

x-4x = 8

-3x = x + 8

2 - 3x = x + 10

2 - 3x = x + 10 Solve: .

SOLUTION

Subtracting 2 from both
sides

Subtracting from both
sides

Dividing both sides by
and reversing the

direction of the 
inequality symbol

The solution is .Ex ƒx 6 -2F , or (-q , -2)

-4
x 6 -2

x-4x 7 8

-3x 7 x + 8

2 - 3x 7 x + 10

2 - 3x 7 x + 10

Aha!

Aha!

Synthesis
109. Explain how it is possible for the graph of an

inequality to consist of just one number. (Hint: See
Example 3c.)

110. The statements of the addition and multiplication
principles begin with conditions set for the variables.
Explain the conditions given for each principle.

Solve.

111.

112.

113.

Solve for x.

114.

115. -1x + 52 Ú 4a - 5

1
212x + 2b2 7 1

3121 + 3b2

27 - 43214x - 32 + 74 Ú 234 - 213 - x24 - 3

634 - 216 + 3t24 7 53317 - t2 - 418 + 2t24 - 20

 x 6 x + 1

116. (Assume )

117. (Assume )

118. Graph the solutions of on a number line.

119. Determine the solution set of 

120. Determine the solution set of | x | 6 0.

| x | 7 -3.

| x | 6 3

a 7 0.y 6 ax + b

a 6 0.y 6 ax + b

The procedure for solving inequalities is very similar to that used to solve equations. There are, however,
two important differences.

• The multiplication principle for inequalities differs from the multiplication principle for equations:
When we multiply or divide on both sides of an inequality by a negative number, we must reverse the 
direction of the inequality.

• The solution set of an equation like those we solved in this chapter typically consists of one number. 
The solution set of an inequality typically consists of a set of numbers and is written using set-builder 
notation.

C O N N E C T IN G        t h e  C O N C E P T S
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MIXED REVIEW
Solve.

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

11.
12.

13.
2
3

1x + 52 � - 4

1.2x - 3.4 6 0.4x + 5.2
3 - 5a 7 a + 9

2 + 3n = 5n - 93 - t � 19

4y - 7 6 57 - 3x = 8

5x + 2 = 17- 3x 7 - 18

3x 7 - 183x = - 18

x - 6 � 15x - 6 = 15
14.

15.

16.

17.

18.

19.

20. 10 � - 21a - 52

- 15 7 7 - 5x

1
3

  x -
5
6

=
3
2

-
1
6

 x

8 -
y
3

� 7

516 - t2 = - 45

0.5x - 2.7 = 3x + 7.9

n
5

- 6 = 15


